We present the application of the Schur-Weyl duality in the onedimensional Hubbard model in the case of half-filled system of any number of atoms. We replace the actions of the dual symmetric and unitary groups in the whole 4 N -dimensional Hilbert space by the actions of the dual groups in the spin and pseudo-spin spaces. The calculations significantly reduce the dimension of the eigenproblem of the one-dimensional Hubbard model.
Introduction and summary
One of the most successful descriptions of electrons in solids is band theory. It is based on reducing many-body interactions to an effective one-body description, i.e., on neglecting the two-body potential. The Hubbard model [1] became especially important as it showed that for half-filling the Mott transition is reproduced, that could not be understood in terms of conventional band theory. John Hubbard (1931 Hubbard ( -1980 found the model to be the simplest that produces both a metallic and an insulating state of approximate behaviour of interacting electrons in a solid, depending on the value of on-site repulsion u. It has been used for more than a half a century in attempts to describe the electronic properties of solids with narrow bands, band magnetism (iron, cobalt, nickel), the Mott metal-insulator transition, electronic properties of high-Tc cuprates [2, 3] . The Hubbard model is an extension of the so called tight-binding model, where electrons can hop between lattice sites as independent particles.
The model can be explored in obviously two limiting cases, i.e. strong coupling approximation when hopping is suppressed t << u and when there are no interactions u << t. The first case provides the half-filled system to be an insulator, whereas the latter case turn out to be the metalic since the Hamiltonian can be solved in k-space.
The aim of the calculations presented in the present paper is to determine the eigenbasis of the spin and the pseudo-spin symmetries using the
The model
The dynamics of the finite set of interacting electrons, occupying the onedimensional chain, consisted of N atoms, can be described by the Hubbard Hamiltonian in the following form The electron hopping in the Hubbard Hamiltonian can only take place between nearest-neighbour sites, and all hopping processes have the same kinetic energy. The set of all linearly independent vectors called electron configurations [9] provides the initial, orthonormal basis of the Hilbert space H. These configurations are defined by the following mapping
and constitute the N -sequences of the elements from the set4 = {±, ∅, +, −}
, respectively, ± denotes the double occupation of the one node by two electrons with different spin projections, with (2.6) H = lc C4Ñ ,4Ñ = {f :Ñ −→4}.
The number4Ñ follows from the fact that the four states
are associated with every lattice site j ∈Ñ .
Symmetries of the model
The symmetries of the one-dimensional Hubbard model has been systematically studied by many researchers, starting from Lieb and Wu [10] , Yang [11, 12] and continued in for example [13, 14] , with the book of Essler et al. [2] as the eminent sumation and suplement of their work. Since the periodic boundary condition are assumed, the Hamiltonian (2.1) has the obvious translational symmetry (c N +1i = c 1i ), this mean that one-particle Hamiltonian of the form (2.1) is completely diagonalised by a Fourier transformation in the form
where (2.9) B = {k = 0, ±1, ±2, . . . , ±(N/2 − 1), N/2, for N even ±(N − 1)/2, for N odd and labels irreducible representations (irreps) [9, 15] (2.10)
of the translational symmetry group C N . In case of any number of electrons the κ-tuply rarefied orbits O f i of the group C N can appear, where f i denotes the initial electron configuration, and the Dorota Jakubczyk positional index j can be restricted due to periodicity to the subset (2.11)Ñ κ = {j = 1, 2, . . . , N/κ} ⊂Ñ.
In order to obtain all the elements i.e. electron configurations of the orbit O f i of the translational symmetry group C N for any number of electrons, the action of the element (C N ) 1 of the group C N is defined as follows
The Hamiltonian for any number of atoms N can be introduced as the sum of the Hamiltonians depending on the values of the quasi-momenta k:
and hence the Hilbert space H decomposes into subspaces as follows (2.14)
where b w is called the basis of wavelets [16] . The dimension of the subspace H k can be less than |B|, since κ-tuply rarefied orbit O f i contributes only to the Fourier transformation of the quasimomentum k within the rarefied Brillouin zone B/κ (2.15) B/κ = {k ∈ B|k/κ is an integer} ⊂ B.
Apart from the cyclic symmetry system reveals for the half-filling of the electrons, two independent SU (2) symmetries [2, 17] , that is SU (2) × SU (2) in the spin and pseudo-spin space, respectively. This symmetry involves spin and charge degrees of freedom, and are related with four elementary excitation, that is spinons with respect to the spin, and holon and antiholon, with respect to the charge. The set4 = {+, −, ±, ∅} can be decomposed into two subsets, where first2 ′ = {+, −} reflecting the invariance of H under the spin rotation is related with the left factor of the direct product SU (2) × SU (2) of the unitary groups of the system and the second set2 ′′ = {±, ∅} is related with the right factor. Thus, one has two sets of generators {S z , S + , S − } and {J z , J + , J − } for spin and charge, respectively. These generators can be 
and the transfer between these two sets is known as the Shiba transformation [2, 10] . The total number of particles N e , taken as the eigenvalue of the operator N e = j∈Ñ (n j+ + n j− ), together with the number of particles N i , with given one-node spin projection i ∈ {+, −}, taken as the eigenvalues of the operators N i = j∈Ñ n ji , are quantum numbers. This mean the conservation of the total magnetization, given as the eigenvalue of the operator S z . Furthermore as the result of the commutations of the Hamiltonian with the operators (2.16) and (2.17) (at half-filling) [17] three additional quantum numbers appear, what together with S z gives the following set {S z , J z , S, J}, where S and J derive from the eigenvalues of the operators
respectively, and create the appropriate basis called the spin basis.
The Schur-Weyl duality
To be able to apply the SWD [4, 18] to the system of N spins s we need to define representation space for both symmetric Σ N and unitary U (n) groups. Thus, we identify the single-node spin space with the space h ∼ = C n , n = 2s+ 1 which is a natural space representation for the algebra C[U (n)] of the unitary group U (n). Then, the Hilbert space of the system of a form H = h ⊗N is the representation space of Σ N and U (n) groups. Symmetric group acts naturally on the N -fold tensor product h ⊗N , by permuting tensor factors, whereas unitary group performs unitary rotations of each factor. These two actions mutually commute, which generates a two-module struc- to the SWD, if we define algebra representation as follows
then the following dependencies take place
where End ΣN (H) denotes the set of linear endomorphisms of H commuting with each endomorphism coming from Σ N group, and End U (n) (H) is a set of linear endomorphisms of H, commuting with every endomorphism coming from U (n). The above centralization of the algebras, allows to connect representation theory of the unitary group with that of the symmetric group. The last one provides the unique and powerful combinatoric tools, which are very useful in the study of physical properties of one-dimensional spin systems. The main outcome of the application of SWD, is a canonical decomposition of the Hilbert space of the spin system, into simple non-isomorphic modules
where U λ and V λ are simple modules of U (n) and Σ N , respectively. The sum runs over all partitions λ of the integer N . The above approach is a main idea which allows us to apply SWD to the particular physical systems. The Hilbert space H is the scene of two dual actions, the symmetric group A : Σ N × H → H and unitary group B : U (n) × H → H, determined on the computational basis vectors (2.5). The representation A is given by the permutation of nodes A(σ)|f = |i σ −1 (1) , ..., i σ −1 (N ) , f ∈ñÑ , σ ∈ Σ N , while B is given by simultaneous unitary rotations in single-node spaces B(u)|f = |ui 1 , ..., ui N , u ∈ U (n). It is obvious, that those two actions mutually commute, i.e. [A(σ), B(u)] = 0, for each σ ∈ Σ N i u ∈ U (n). Therefore, according to Heisenberg uncertainty principle, appropriate observables connected with those two actions can be simultanously "measureable". Maximum set of such observables, can be implemented in the irreducible basis of the space H, adjusted to the symmetry of the model. To determine this set, the actions A and B should be decomposed into appropriate irreps where ∆ λ and D λ labeled by partition λ denote irreps of the symmetric and unitary group, respectively. The sum runs over all partitions λ belonging to the set D W (N, n) of all partitions of the number N into no more than n parts and m(A, ∆ λ ) and m(B, D λ ) are the appropriate multiplicities. Taking into account the SWD, one can write down the following relations
It means that the multiplicity of occurrence of irrep ∆ λ in A, is equal to the dimension of irrep D λ , while the multiplicity of occurrence of irrep D λ in B is equal to the dimension of irrep ∆ λ . The equations (3.5) results in decomposition of Hilbert space into the direct sum
of sectors H λ , whereas each sector is divided into the direct product of modules
of unitary and symmetric group, respectively.
The Schur-Weyl duality for one-dimensional Hubbard model in the case of half-filling
The action
of the symmetric group Σ N on the set4Ñ provides the orbits O µ of the group Σ N labeled by the weight µ, given as the sequence of non-negative integers
where the consecutive µ i denote the number of +, −, ± and ∅ in the electron configuration, respectively, with relation i∈4 µ i = N , defined by the following equation
Such an orbit is invariant under the action of the symmetric group Σ N and forms the carrier space of the transitive representation R ΣN :Σ µ , with the Since there are two independent SU (2) symmetries one can consider the action of the symmetric group Σ N -in context of the Schur-Weyl duality [4] -separately in the spin and pseudo-spin space in order to obtain the total spin S and the total pseudo-spin J. This observation holds for the half-filled system of any even number N of atoms and for open boundaries [2] for N odd, and in both cases provides two symmetric groups Σ N ′ and Σ N ′′ in the spin and pseudo-spin space, respectively. The actions are replaced by
, where h s ∼ = C 2 denotes the one-node spin space, and
, where h p ∼ = C 2 denotes the one-node pseudo-spin space. The spin and pseudo-spin space are isomorphic with Hilbert space of the one-dimensional Heisenberg model for the case of N ′ and N ′′ nodes of the spin chain, respectively, thus, the results presented in section 3 can be used not only for the single-node spin space but also for the single-node pseudo-spin space.
Let define some initial Hilbert space as follows
where N ′ and N ′′ denotes the cardinalities of the setsÑ ′ andÑ ′′ , respectively, and (Ñ ′ ,Ñ ′′ ) stands for the pair of these two sets -each taken in ascending order. The last equation means that from now on we will label the Hilbert space (2.6) by H int . The space (4.7) can be decomposed with respect to the number of electrons in the system in the spin and pseudo-spin space, respectively, where
. Each transitive representation in the spin space decomposes as follows
into irreps of the symmetric group Σ N ′ , with the partition λ ′ ⊢ N ′ defining the shape of the corresponding irrep ∆ λ ′ , where K λ ′ µ ′ are the famous Kostka numbers, equal to 1 in case of two-dimensional one-node space, the sum runs over all partitions λ ′ of N ′ which are not smaller than µ ′ in the dominance order, and N ′ denotes the number of appropriate one-node spin spaces h s . The decomposition (4.11) can be rewritten in more details as presented below
and the total spin S and the magnetization S z have the following forms
14)
For the pseudo-spin space with N ′′ number of appropriate one-node pseudospin spaces h p by analogy to (4.11) the following decomposition holds 
For the half-filling case the number N ′′ is always even,
, the quantum number J z is equal to 0 and the eigenvalues of the operator J z are within the set {0, 2, ...,
Jucys-Murphy operators
In order to calculate the irreducible basis of the symmetric group for any number of atoms in the spin and pseudo-spin spaces for the half-filling of the electrons one can use the technique of Jucys-Murphy operatorsM j . These operators defined within the symmetric group algebra C[Σ N ] as the sum of all transpositions (j, j ′ ) of the node j ∈Ñ with preceding nodes j ′ < j, are introduced by Jucys [19, 20] and independently by Murphy [21] , thus, they are called Jucys-Murphy operators. These N − 1 hermitian and mutually commuting operators of the form , where y ∈ SY T (λ), with SY T (λ) being the set of all standard Young tableaux of the shape λ, y j denotes the tableaux obtaining from y by extracting the set {j + 1, j + 2, . . . N } of numbers, y + j−1 can be created from y j−1 after adding to its entries the number j, andÎ stands for the appropriate unity operator.
6. The example of the chain consisted of eight atoms. Now we want to discus the case of the chain consisted of eight atoms in the restriction of the half-filling of electrons. Since the numbers of up-and downspin electrons are separately conserved the Hamiltonian (2.1) gets reduced to diagonalizing it in sectors characterized by elements of the subset The dimension of the proper Hilbert space given as the subspace H Ne=N =8 of the initial space (4.7)
where the sum runs through the elements of the set (6.1), can be calculated as follows
dim H = 1 + 64 + 784 + 3136 + 4900 + 3136 + 784 + 64 + 1 = 12 870.
Using SWD one can assign the value of the total spin (4.13) to each irrep of the decomposition (4.12) and the value of the total pseudo-spin (4.17) to each irrep of the decomposition (4.16), what presents Table 1 . The number τ denotes the multiplicity of deploying of N ′ one-node spin spaces h s and N ′′ one-node pseudo-spin spaces h p on N = N ′ + N ′′ positions and is equal to Table 2 presents the example of using the operators (5.5) in order to obtain the irreducible basis of the symmetric group Σ 4 taken in the basis of the electron configurations for the case of µ 1 = µ 2 = 2 and for the orbits O ++−− and O +−+− of the cyclic group C 4 . created both the spin and pseudo-spin spaces as the appropriate tensor product of the one-node spin and pseudo-spin spaces and provide the space of all quantum states of the considered system taken over all possible locations of these spaces on the N -atoms chain. We used the concept of the initial Hilbert space which provides the proper Hilbert space of the considered system as its subspace, since there is the confinement of half-filling. We gave the expressions for the total spin S and the total pseudo-spin J in context of the representation theory of the symmetric group. The calculations are significant since there is a lack of analytical calculations in the literature of using of the symmetry SU (2) × SU (2), which is crucial in understanding the Hubbard model. The obtained results lead to a significant reduction in the size of the Hubbard Hamiltonian and can easily be implemented into numerical simulations due to the use of simple transpositions being the generators of the symmetric group.
The discussed issues are important since they concern finding the accurate solutions of spin and electron models with effective and simple methods, and they are necessary when it comes to the development of quantum algorithms based on binary functions, whose arguments are often only a few bits. In order to further develop the science in the field of quantum computers and create new algorithms for solving more and more difficult tasks, one should understand the quantum mechanics of spin and electron systems composed of several particles in order to later generalize the considerations into larger dimensions and a larger number of particles.
